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ABSTRACT

Let the unperturbed operator be the helium-Schrodinger operator and let the
perturbation be the homogeneous-electric-field operator. It is shown that the
first two formal perturbation equations corresponding to the smallest un-
perturbed eigenvalue do admit solutions in the appropriate Hilbert space.
According to general considerations this implies that for this perturbation
problem, the phenomenon of spectral concentration holds.

1. Introduction. In his third communication on the perturbation of spectra
Schrodinger [1] computed the energy levels of the hydrogen atom in a weak
electric field. His results coincided with the experiments with great accuracy.
Then Oppenheimer pointed out {2] that according to physical intuition the entities
computed by Schrodinger cannot be point-cigenvalues of the corresponding
Schrodinger operator. Later this fact was rigorously established by Titchmarsh
[6].

It was observed by Riddell [15] [14.k] and elsewhere [12] that the phenomenon
of spectral concentration holds for a large class of abstract operators, including
the family of Schrodinger operators corresponding to hydrogen in an electric
held.

It is the purpose of this paper to show that the phenomenon of spectral con-
centration also holds, near the binding enery of the helium Schrodinger operator.
According to a verbal communication of Galindo, the spectra of the Schrodinger
operators corresponding to helium in an electric field are unbounded from
below. Aside from this there is little known about these spectra. It is possible,
although not likely that near the helium binding energy these spectra consist of
point-eigenvalues. Then our theorem, to be stated, would be vacuous, Even in
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this case, however, it seems easier to establish the concentration phenomenon
than to determine these spectra exactly.

Specifically in §2 we summarize some known facts about the helium Schrodinger
operator. Then we apply the abstract concentration theorem of [12] to the family
of Schrodinger operators corresponding to helium in a weak homogeneous
electric field. Here, of course, the parameter of the family is the strength of the
electric field, and we consider the spectra near the helium binding energy. This
application is carried out in Theorem 2.1. The key assumption of this theorem
is that the first two formal perturbation equations do admit solutions. This as-
sumption is verified in the two sections that follow.

In §3 we consider an abstract perturbation problem and in Lemma 3.1 we
formulate conditions which ensure that the formal perturbation equations
do admit solutions. These conditions are as one expects them to be and are for-
mulated for convenience. In Lemma 3.2 we introduce further conditions, which
imply the main ones of Lemma 3.1.

In §4 we return to the key assumption of Theorem 2.1. In Theorem 4.1 we
isolate a property of our perturbation problem. This property is important for us,
inasmuch as it will allow us to verify the key assumption of Theorem 2.1. We
derive Theorem 4.1 from four lemmas. The statement of Lemma 4.1 holds for a
class of elliptic partial differential operators although we formulate it for the
Laplacian only. The proof of this lemma is based on the usual technique of mol-
lifying operators [10]. In Lemma 4.2 we observe that a certain ordinary differen-
tial operator is accretive and this is our basic lemma. Its assumptions are rather
restrictive and this is the reason why we can establish only second order concent-
ration and only near the helium binding energy. For heavier atoms additional
point-eigenvalues can be included, however, we shall not be concerned with this
fact. Lemmas 4.3 and 4.4 are again general and hold for any isolated point-
eigenvalue of the helium-Schrodinger operator. These four lemmas together
establish Theorem 4.1. We apply Theorem 4.1 in conjuction with the abstract
Lemmas 3.1 and 3.2 to our perturbation problem. Lemma 3.2 allows us, so to
speak, to isolate the effect of each of the electron-nucleus potentials in the ground
states of the helium-Schrodinger operator. This intuitive idea is behind the two
rigorous applications of Lemma 3.2 at the end of Section 4.

It is a pleasure to thank Professor Galindo for valuable conversations and for
introducing the author to the physics literature of the Stark effect. Thanks are also
due to the referee for his constructive criticism.

2. Formulation of the Concentration Theorem. For the unperturbed operator
we take the helium-Schrodinger operator. To describe it in more specific terms let
& (&) denote the class of infinitely differentiable functions with bounded support
in &, the real Euclidean space of dimension 3. The Schrodinger operator in
atomic units [5.e], corresponding to the helium ion He*, is given on €.(&5) by
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@1 (He")f = - 387 =2M(Z)f,  Se Gul6)

Here and in the following we use a dot to emphasize that a given operator is
defined on € (€5). In Equation (2.1) A denotes the Laplacian and M(1/r) denotes
the operator of multiplication by the function

~ =

(x)=—‘i—|, xe&,.

According to Kato [3], [14.i] the operator He* is essentially self-adjoint on
€ .(&5) and the domain of its closure equals the domain of the closure of A, That is

D(He*) = D(A).

Next define the function g on £4 by
(2.2) g(x) = ((xg — x3)* + (x5 — X2)* + (x4 — x()?)~1/?

and let M(q) on @w(é’G) be_ the operator of multiplication by this function, Using
the usual notations for the Kroneker product of operators [18], the helium-
Schrodinger operator in atomic units is given on € (&) by [5.b]

2.3 He=He*®I+I1Q®He* + M(q),

where I denotes the identity operator on £,(&;). Actually, it would be sufficient
to define this operator on
Col€3) ®CAE3) = Cu(Bo),

but we shall not be concerned with this fact. Remembering definition (2.1) we see
that

r

He = —1§[A®1+1®A]+[—2M (%)@1—21®M(1)]+M(q').

According to Kato [3] [14.1] this operator is essentially selfadjoint on € (&) and
the domain of its closure equals the domain of the Laplacian. More specifically for
the domains of the closures of these operators we have the following inclusions,

(2.4) D(He) =DARI +I®A)

Q5@ D9 < DM (; )@ D, Do) =1 @ M ()
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(2.6) D(He) = D(M(q)).

For brevity, we shall set
) ufe
r r

s rouf

AYD = AQI+IQA

and

Note that superscripts correspond to the decomposition
L,(6) = 8(F3) ® L,(&3).

For the perturbation V we take the operator corresponding to a homogeneous
electric field. More specifically it is the closure of the operator ¥ given by

27 VI(x) = x5+ X6)f(x), x€ &6, f e CfE).
We define the family of perturbed operators on ('Sw(ﬁs) by setting
(2.8) H(e) = He + ¢V.

More specifically, we denote by H(e) an arbitrary self-adjoint extension of this
operator. Since the operators H(e) commute with conjugation, the existence of
such an extension is ensured by a theorem of von Neumann [8]. We do not know
whether such an extension is unique or not. The corresponding question for the
hydrogen Schrodinger operator was treated by Ikebe and Kato [9]. They showed
that in this case the extension is unique. Note that at least formally, the operator
H(e) is the Schrodinger operator corresponding to the helium atom in a homo-
geneous electric field of intensity & [5.d].

Next let H(e) be a given family of self-adjoint operators acting in an abstract
Hilbert space. For a given Borel subset 4, of the real line let E(¢,%,) denote the
spectral projector of H(e) over %,. Following a terminology used elsewhere [12],
we shall say that near a given point 4,, the spectrum of the family of operators H(e)
is concentrated to order p, if there is a family of sets 4,, such that

E(e,2,) — E(0,{Ao}) as £—-0,

and
|$,| =o(e?) at ¢=0.

Here, the left member, denotes the Lebesgue measure of 4, and convergence means

strong convergence.
After these preparations we return to the family of Schrodinger operators in (2.8).
As mentioned in the introduction, in this paper we show that near the binding
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energy of the helium-Schrodinger operator, the spectrum of these operators is
concentrated in this technical sense. This is the statement of the theorem that
follows. In it for a given operator T we denote by o(T) its spectrum.

THEOREM 2.1. Let the helium Schrodinger operator He be defined by equation
(2.3) and let the family of operators H(c) be defined by equation (2.8). Set,

(2.9) 2, = info(He).

Then near the point A, the spectra of the family of operators H(g) is concentrated
to order two.

According to a theorem obtained by Riddell [15] [14.k] and elsewhere [12],
the phenomenon of spectral concentration obtains under general circumstances.
To describe these circumstances, following Kato [14.c], we say that a given subset
S of D(T), is a core of the given operator T if the closure of its restriction to &
equals T. In particular, if T is essentially self-adjoint on G then © is a core of T.,
Using this notion the assumptions of the abstract spectral concentration theorem
adapted to our operators, can be stated as follows:

(2.10) A, is an isolated point-eigenvalue of He of finite m-multiplicity,

(2.11) s & converges to zero, the operators H(e) converge strongly to He on a set
which is a core of the unperturbed operator He,

(2.12) the first two formal perturbation equations corresponding to the family
H(e) at the point 1, admit m-linearly independent solutions.

Thus to establish Theorem 2.1 it suffices to establish these three conditions.
To verify condition (2.10) we need a theorem of Zhiclin [7] and Jorgens [20].
This says that the essential spectrum of the helium Schrodinger operator is given by

o (He) = [info (He™), o0).

As is well known [5.a],

(2.13) info(He*) = — 2.
It is also known [5.c] that the value — ( —1%) is an upper bound of A,. Hence
5\2 2\* 1314 3
< - — e =% e f—— —_—— -_— ——
(2.14) A= (2 i 6) ( 1 6) <-=< 2 y

and we see that , is not in the essential spectrum of the operator He. That is to
say, condition (2.10) holds for the value 1,.

To verify condition (2.11) recall that according to Kato the operator He is
essentially self-adjoint on wa(é’ﬁ). It is clear from definition (2.8) that for each
vector f in this set,
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]i131 H(e)f = Hef.

In other words, condition (2.11) holds for this family of operators.
It remains to verify condition (2.12), which we shall do in the two sections that
follow.

3. Asufficient condition for the solvability of the perturbation equations. Let H
and V be possibly unbounded symmetric operators acting in some abstract Hilbert
space §) and assume that the intersection of their domains is dense. Define the
family of operators H(g) by

(3.1) HE) =H+¢eV on DH) ND(V).

Suppose that A, is an isolated point eigenvalue of H and formally set

(.2) A(e) ~ é A¢

and

(33 16~ 2 1,¢

and

(34 HOI@) ~ 11O,

Carrying out the multiplication of the formal power series in this relation and
equating the coefficients of the like powers of ¢, we obtain the following set of
recursive equations,

(35 - 1)fo = 0
G5, H=1fy = E Aifocs=Vhwrs  n=12.

This set of equations is called the set of formal perturbation equations corres-
ponding to the family H(e) at the point A,. Note that in general f(g) is not an
eigenvector and A(e) is not eigenvalue of H(e), in fact such formal power series
need not exist. In the lemma that follows we formulate a sufficient condition for
the solvability of these equations. These conditions were observed elsewhere [12]
and they imply the recent ones of Riddell [15].

LemMa 3.1, Let A, be an isolated point eigenvalue of H of finite multiplicity
and let E{1,} denote the eigen-projector over A,. Suppose that there is a sequence
of nested linear sets Sy = S, < - =« G, =), such that

(3.6) E{4}9 =G,
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and fork=0,1,---.n—1

(3.7 Ve, = Gyt
and for k=0,1,---,n
(3.8) (lo— H+ E{A}) ' &, = &;.

Then the first n formal perturbation equations corresponding to the family (3.1)
at Ay, that is equations (3.5), through (3.5),, do admit solutions. Furthermore,
the number of linearly independent solutions equals dimE{2,}$.

In case the perturbation V is bounded, we set
S=9H k=012,

Then clearly assumptions (3.6), (3.7), and (3.8), hold with reference to this sequence
of sets. Even in this case the statement of the lemma is not evident, and for a proof
we refer to the book of Friedrichs [11]. Next consider the case of an unbounded
perturbation V. Suppose that for some value of k —1 < n —1 the sequence of
numbers Ay, Ay,+-+, 4 and the sequence of vectors fy, -+, f,_ 1, satisfy equations
(3.5)o through (3.5),_ ;. Supose further that

€6, cDV)  j=01,k—1

and that for a given 4, equation (3.5), does admit solutions. Then we see from
assumptions (3.6), (3.7);—, and (3.8), that these solutions are given by

O fm=Co= H+ ()™ ( E Loy = Vies )+ g1

where g, is an arbitrary vector in E{1,}$. At the same time we see that,
fe e G

Ifalso k < n — 1, then we see from assumption (3.7), that f, is in D(V). This fact
allows us to replace k by k + 1in formula (3.9),, provided that the vectors g, g,
and the numbers 4y, 4, are chosen appropriately. Now the problem of this
appropriate choice is the same for bounded and unbounded perturbations. For
brevity we do not repeat this argument [11] and consider the proof of Lemma 3.1
complete.

The assumptions of Lemma 3.1 are rather general and it is difficult to verify
them for specific operators. In the lemma that follows we formulate assumptions,
which are adapted to our perturbation problem, and which imply the main ones
of Lemma 3.1. In it B(H) denotes the space of bounded operators defined on all
of § and p(T) denotes the resolvent set of a given operator T.

LeMMA 3.2. Let the operators Ay be self-adjoint on the given domains
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D(Ay,1) in §H and let lge p(4,) be an isolated eigenvalue of Ay + A, of finite
multiplicity, with eigenprojector E{Ay}. Suppose that

(3.10) A1(Ro~ 4o) ' € B(H)-

Suppose further that a sequence of sets By=9, B, B, is given, such that for
each integer | < n—1,

(3.11), A(BND(4,) =By

and for each integer [ < n

(3.12), (lo— Ay '8, B,

Then the sequence of sets
n—k

(3.13), G = n B,, k=0,1,-n,
1=0

satisfies assumptions (3.6) and (3.8), with reference to the operator H = A, + A,.

To verify assumption (3.6) let k be an arbitrary vector in the range of the eigen-
projector E{4,}, i.c. set

(3.149) (4o + ADh = Aoh.
We see from assumption (3.10) that

D(4o) = D4y,

and hence

(3.15) he®D(4,).
Insertion of this fact in equation (3.14) yields
(3.16) h=(4 — A) ' 4,h.

Assumption (3.11), together with relation (3.15) shows that
A heB,.
Insertion of this inclusion and of assumption (3.12), in equation (3.16) yields
heB,.

If 2 < n, this argument can be repeated and we see that k is also in B,. Similarly,
we see that

heB; Nn---NB,,

and remembering definition (3.13),, we obtain the validity of assumption (3.6).
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To verify assumption (3.8) recall that by assumption the projector E{l,} is
of finite rank and hence defined on all of §. This yields

D(AO + Al - E{Ao}) = @(Ao + Al)’
and in view of assumption (3.10) we have
(3-17) E(Ao + Al - E{lo}) = D(Ao).

Since A, + A; is symmetric on D(A4,), thre assumption that i, is an isolated
eigenvalue implies [14.1] that

(3.18) (do — Ao — A, + E{J,D)"! e B(H).

According to general considerations [13] relations (3.17) and (3.18) imply that
[1 = (4, + E{A6}) (o = 40) "'17* B(S)

and

(3.19) (lo—Ao— A +E{A) " '=(ho—Ao) ' [1=(A+E{AoD(Ro—4) "']7".

We maintain that for each k < n,

(3.20), [1— (A 4+ E{A ) — 4oy '] 718 = &

To verify this let f be an arbitrary vector in &, that is let

fE%o m%l nN--. ﬁﬂ.’)n_k,

and set

(3.21) [1—(A4; + E{AD)(h = 40)" '] Hf =4
Then clearly

(3.22) g=f+ (4, + E{AD0 — 4o) ‘g

According to the already established assumption (3.6) for each vector g in §
E{3}(Ao — A) ' ge S, = G,
Assumptions (3.11), and (3.22), show that
A(lo—Ay) 'geB,.

Inserting these two inclusions in equation (3.22) we obtain that g is in B,. If
2 =n— kthen fisin B, and a repetition of this argument shows that also
g is in B,. Similarly, we see that

geB, N NS, _,.

Remembering definitions (3.21) and (3.13), this establishes the validity of inclusion
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(3.20);. Insertion of this inclusion in equation (3.19) yields the validity of assump-
tion (3.8), of Lemma 3.1, if we use assumption (3.12), of Lemma 3.2, Since this
holds for each k < n the proof of Lemma 3.2 is complete.

In conclusion, let us remark that for specific perturbation problems symmetry
arguments give some information on the numerical values of these constants.
We shall not be concerned with this fact, merely refer to the book of Wigner [16].

4. Application of Lemmas 3.1 and 3.2 to the Helium Schrodinger Operator.
We have seen in §2 that in order to establish Theorem 2.1 it suffices to estab-
lish condition (2.12), which we shall do in this section.

We start by defining two different splittings of the helium Schrodinger operator
and applying the abstract Lemma 3.2 to each of these two splittings. To describe
these splittings we introduce two operators by setting
4D  FO = He- MWD (%) = —%A ®I+I®He* + M(q)

4.1)*  F® = He — M@ (%) = He*®1I - 151 ® A + M(g)

on €(&,) and define F?"® to be their closures. It is also convenient to intro-
duce two more operators, by setting

1

(42 WO = () et

and
(4.3);36 M3 (W f(x)=w(x36)f(x), xeé f€ (INCAY
Note that the subscripts refer to the decomposition,
Lx(E6) = L2(€1) ® £2(61) ® Lo(€1) @ L5(€1) ® Lo(€1) ® Lo(S)-

We shall make essential use of a property of these operators, which is formulated
in the theorem that follows. In it for a given operator T we denote by R(T) its
range.

TueoReM 4.1. Let the operators F'® be defined by equations 4.0,

Suppose that the real numbers A and u are such that p is positive and
2

(4.4) A<info(He*) — 7

Then

@HOD  RMye (1) G FOOM ) = 260,
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The proof of this theorem is the main part of this section. We shall derive it
from the four lemmas that follow.

LeMMa 4.1. Let the operators F"® be defined by equations (4.1)1®
and let the operators M ¢(w") be defined by equations (4.3); 6. Then for each
positive number u, the set € (&) is a core for the operators

1
Ma,e(

A Nupay@ "
w) F M5 (Wh).

For brevity we shall establish Lemma 4.1 for one of the operators only.
The proof will employ the technique of mollifying operators. In fact, we start
the proof with a general proposition concerning such operators. In it, let j be
a given non-negative function in € (&) such that

Jj(u)du =1,
and define the sequence of integral operators J, by the kernel

(4.6), Ja(x,) = nj(n(x ~ y)).

ProrosiTioN 4.1. For each integer n let the operator J, be defined by the

kernel in (4.6), and let the function w be defined by equation (4.2). Then for each
positive u,

@7, Ma( 1)"A“’”J,.Ms(w%e%(ez(éz»

W
. 1
and for each vector g in D (M, o “),

. 1 1
4.8) lim M, (W)”J,,g =M, (W)“g.

To verify conclusion (4.7), first note that
(4.9), My(W)E () =€ (€6) and J,8o(86) cC o).

Hence the operator in (4.7), is defined on € (€). We maintain that its restriction
to this set is bounded. That is

I3

(4.10), , [ (wi) AR Mwh) || < .

For, an clementary application of the Green’s formula shows that the kerne of
this operator is given by

2As wi(y3)
n*(Aj(n(x — y)) VVZG;—)
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Since by assumption the function j is in € (&) so is the function (A)). Hence for
frozen n, the support of (Aj) (n(x — y)) is in some neighborhood of the diagonal

x =y of & x &. Specifically there is a positive number y(n) such that for every
X, yin &g x &,

|x — y| > y(n) implies (Aj)(n(x — y)) = O.
The triangle inequality shows that
|x3l<|x—y|+]|ys|s hence x3<2|x— y|?+2)3.
This yields

1+ x3
1+ y2

<2|x—y|* +2,

and remembering definition (4.2) we see that there is a constant 0(1) such that for
every x,y in &g x &,

[x = y| <y(n) implies ?’ 2; = 0(1).
These two implications together show that this constant is such that
@10, (@) atx = ) 22— oty )| (s - ).
Hence
sup [ | Dk DS |y + sup [N E ) ax < .

According to a result of Holmgren [14.a] this relation implies the validity (4.10),,,,
if we remember that the kernel of the operator of (4.10), is n? times the left member
of (4.11),.

Note that for u =0, these arguments give the arguments of Friedrichs [10]
showing that

(4'10)n,o ”(A(1,2) J,,)” < 00.

It is a general operator-theoretic fact that the closure of the product of two opera-
tors equals the product of the closures provided that the closure of the second
factor is bounded and everywhere defined. Insertion of this fact in (4.10), o yields

AT, € B(R,(86)) and AUDIM(w') e BYL(E6).

That is, the closure of the second factor in (4.10), , is bounded and everywhere
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defined. Insertion of this fact and of the previous general operator-theoretic fact
in (4.10), , yields the validity of conclusion (4.17),.

To verify conclusion (4.8) we need a sharper, but well known [10] version of
relation (4.9),. Specifically we need that for each function g in @w(éas) the union
of the supports of the functions

JnM3(W“)ga n=12,.-,

is a bounded subset of &¢. Since J, converges strongly to the identity operator on
2,(66), we obtain

. 1\* .
lim M3 (;) JnM3(W‘u)g= 8 g€ (goo(éb6).

R=

A repetition of the arguments leading to conclusion (4.17), shows that

< 0.

1 d
My 55 JaM)

sup

That is to say, this sequence of operators is uniformly bounded and on a dense
subset and it converges strongly to the identity operator. Therefore for each vector

[ in £5(&%),

lim M, (%}—)VJ,,Ms(w“)f=f.

n=a
Setting
g= M3(W I‘)f,

in this relation we obtain the validity of conclusion (4.8).
In the proof of Lemma 4.1 we shall also need some information on the com-

M
mutator of A»? and M, (y—lv-) . This commutator is defined by

AL M LAY =AY pm Ly M 1"A("z) §
» Ml = <] bl Mok ] on € (&),

and by closure elsewhere. The existence of this closure is ensured by the anti-
symmetric character of this commutator. To describe this commutator let D, be
the € (€'¢)-closure of the operator

Dyf(x) = %f(x), xebe feGulé).

[ u
Similarly, let D(%) denote the derivative of the function (—1“7) .

PROPOSITION 4.2. Suppose that the vector h is such that
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B u
(4.12), kess(A“’”)nz)(m(%)) and A(l’z)heib(M3( L ) )

. #
Then h isinthedomain of the € (&) closure of the operator M, (D(%V) ) D,
that is

@.13), he:D(Ms(D(Wl)'f)Ds) :

Furthermore

(4.14), [A%D, M, (%)" [h=M, (D (%)”)Dﬂ + M, (DZ (%)")h

To verify conclusion (4.13), we first maintain that for each real v and function
hin G0(>(éa6),

4.15), él(m(%)v Dih,Dih) + <M3 (D (—:)-)v)h,Dah) + (M3(W—1) h,Ah):O.

For, the product rule of differentiation yields

ah(x) 5(1 +x3)” ah(x)

*(1+ x3)"h(x)

h(x)

ah(x) & h(x)

+ 1+ x3)

|+(1+ B heo) 25

Since the left member is a partial derivative of a function in (Sw(é"6), integrating
with respect to dx = dx,---dxs and summing over i =1,--6, we obtain the
validity of relation (4.15),.

Next we derive conclusion (4.13), from relation (4.15),. According to the con-
siderations of Friedrichs [10], (4.12), implies the existence of a sequence of vectors
h, in €(&s), such that

lim h,=h,
n=00

and

{Ah,} and ‘M3(—v})-)h,,} are Cauchy sequences.

We see from definition (4.2) that

oo )< o)

and clearly
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2 Dsh 2] n]"> - [AR] <[ B + [ AR].

Hence

{D3h,} and {M3 (D (‘—17)) h, } are also Cauchy sequences.

Insertion of these facts in relation (4.15), shows that each term of the sum is a
Cauchy sequence. Clearly

01, ()03t = 1, Dt = ) ={pts () Dsthu—

2
’

and according to definition (4.2)

”M3 (D (%))D_,,(h,, —h)

Combining these facts we arrive at the validity of conclusion (4.13);. An adap-
tation of these arguments that we shall not carry out, yields the validity of con-
clusion (4.13),,.

To verify conclusion (4.14), first note that according to elementary algebra it
holds for h in €. (&€). In the general case consider the previously introduced
sequence in € (&), {h,}. Since

‘M3 (Dz (W—l))(h - h,,,)t < " M, (%)(h,, —h,

we see that for this sequence the right member of (4.14), is a Cauchy sequence.
Remembering that we defined the domain of the commutator by closure, this
yields the validity of conclusion (4.14),. Similarly we arrive at conclusion (4.14),.
This completes the proof of Proposition 4.2.

Having established these two propositions we return to the proof of Lemma 4.1
The key fact of this proof is the inclusion

| <2 N M, (Wl)mm(hn — hy)

td

(4.16) D (M3 (;Vl—)#F“)Ms(w”)) = DATD),

that we verify presently. Accordingly assume that

'3

4.17) fed (M3 (wi) FO M3(w“))
and we shall show that

(4.18) feD@A?).

To verify this relation recall conclusion (4.8) of Proposition 4.1. It allows us to
define the the sequence of vectors
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"
(@19), fo= M5 () 2500 Y.
At the same time it shows that
lim f,=/.
n=0c0

Since the operator A*? is closed, relation (4.20) is implied by the fact that for
each n

4.21), f,eDAHD)
and
4.22) {A"® fY is a Cauchy sequence.

To verify relation (4.21) recall conclusion (4.7), of Proposition 4.1. This shows
that for each n, the vector

hn = JnMS(wu)f

satisfies assumption (4.12), of Proposition 4.2. Hence Propositions 4.1 and 4.2
allow us to define the sequence of vectors

@.19)F fr= Ms( )A“ D1 My (") f

+ [A“-”,M3 (wi)" ]J,,Ms(w“) f.

We claim that for every vector h in §(&),

(4.23) (AP, £y = (h.g)

For, we see from definition (4.19), that
(U b, 1) = (LR () AR, 1,
and from definition (4.19) that
(B, 13 = (022 () b= ase, | 820, (3 [ .
Since

awapr (Y 2 Tae» ar (1) = ma (L) a2on & (€6)
3 " y M3 W 3 W oo\? /s

these two equations establish the validity of relation (4.23).In other words we have
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shown that the vector f, is in the domain of the adjoint of A 4*?in §_(&). Since
A is essentially self-adjoint on this set [14.h] we obtain the validity of relation
(4.21).

To verify relation (4.22) insert the already established relation (4.21), in defini-
tion (4.19),. This yieds

1

4.29), AYVf =M, (W)“A“’”J,,Ms(w“) f+ [A‘l-” M, ( VVI—)”}J,,Ms(w“) f.

Definition (4.1)! together with relations (2.4) and (2.5)' shows that assumption
(4.19) implies
1 u

(4.25) Myw*)f e DAMD) and A2 My(w")f € D(M, (v_v—)

Insertion of this fact in conclusion (4.8) of Proposition 4.1 yields
. 1Y (1,2 p LY oy (on
426)  lim M, (W AYD J M w0 f = M, (W— ACDM (o),
n=o0

if we remember that A*?) commutes with J,. According to (4.25) the vector
M (w")f satisfies assumption (4.12),. Hence according to conclusion (4.13),

of Proposition 4.2
"
D M(W™)f eD(M3 (D (»17) ))

This fact together with conclusion (4.8) of Proposition 4.1 implies that

lim M, (D ( 1)“DSJ,,Ms(w")f =M, (D (i)u) D3My(w") f,

amo W W
if we remember that D, and J, commute. Similarly, we see that
. 1\ 1\#
lim M, (D’ (W) ).},,M3(w“) f=M, (DZ (W—) )M3(w“) f.
n=0

Insertion of these two relations in conclusion (4.14), shows that

(80,05 () 1 2,030 1

is a Cauchy sequence. Finally, inserting this relation and (4.26) in (4.24), we arrive
at the validity of relation (4.22).

As mentioned before, relations (4.21) and (4.22) imply relation (4.18). In other
words, we have established the validity of inclusion (4.16).

To derive Lemma 4.1 from this inclusion we note that for positive y,

(4.27) [AY2, My(w")] = 2M4(DW*)D5 + My(D*w*) on DANL?),
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This relation together with inclusion (4.16) and definitions (4.1)*and (2.1) yields

M3( )F(‘)M (W) = A“ DM ( 1) M(Dw")D,

(4.28) .

- u, (;vl_)" MyDW" +21® M(}) + M(g).

Definition (4.2) shows that for positive g,

+ /) M, (%)uM3(D2w“) <o

/ M, (71‘)" M;3(Dw")

Inserting this fact in (4.28) we obtain that (Ew(é”ﬁ) is a core of this operator if we
remember that it is a common core of A*?) and D, and that the last two terms in
(4.28) are A"**-bounded. This completes the proof of Lemma 4.1.

The lemma that follows will imply that the sum of the second and third term
in equation (4.28) is quasi accretive on € (&)

LEMMA 4.2. Let the function w be defined by equation (4.2). Then for each
positive number u
(4.29) 0< {u ~Re [M( )"[D2 M(w“)]} on €.(&)).

To verify conclusion (4.29), we need the €.(&,) version of the commutator
equation (4.27). This shows that

-M D2, M(w"y] = — 2m (2
() 0] &

'
)D +DM (Dw )
wa

Since the operators D and — D are adjoint to each other on (;:m(é’ 1), on this set
] B F
Re {-2M(DW )D} =—M(Dw )D+DM( )
we wh
Clearly, the commutator on the right equals,

M(D D W”) =M (D W ) -M (Pﬁ)z on Eo(&y).
wi wh

WHi

These three equations together show that

)2 on € 4(&)).

wy

(4.30) Re {— M( ) [D?, M(w “)]}=-M(

According to definition (4.2)
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w o 2¢
_T(é)'—ﬂ 1+ cz:

sup (

Insertion of this fact in equation (4.30) yields the validity of conclusion (4.29).
This completes the proof of Lemma 4.2..

Now from these two lemmas we can easily derive that the ranges of the operators
in Theorem 4.1 are closed. In the following lemma we formulate this fact for
future reference.

and hence

)(6) .

LemMMA 4.3. Suppose that the real numbers A and p satisfy assumption (4.4)
Then the ranges of the operators in (4.5)")"® gre closed.

Since
[A (1’2)’ My(w")] = [D%, M;(w")],
we see from equations (4.28), (4.27) and definition (2.1) that

M3( ) (F©O = YM(w")= — ~A®I—~M3 ( ) [D2Myw")]
(4.28); + I@(He*— A) + M(q), on € (&)

According to assumption (4.4)

2

"2— < inf o (He* — 2).
It is a general operator-theoretic fact, that this implies

u?

—2-<I®(He+ - A.
Similarly we see from conclusion (4.29) of Lemma 4.2 that

1 Ly 2 m ”2 d
0<Re "2—M3 W [D3, M(w")] + 5o C ().

Inserting these two inequalities in equation (4.28), we obtain

4.31) 0 <Re ( f,M3( ) (FY = HM5(w") f) on € (&)

if we remember that the operator M(g) is positive and that the order of taking
the real part of an operator and its quadratic form can be interchanged.
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An operator satisfying relation (4.31) is called accretive on € (&5). It is well
known [14.f7] that if the operator T is accretive on any of its cores then for each
positive number ¢ the range of T +¢ is closed. We see from assumption (4.4)
that to the number A there is a positive ¢ such that A + ¢ also satisfies this assump-
tion, i.e.,

2
A +e<info(He') — 5

Aside from a minus sign, the operator in (4.5)'" can be written as
1\* 1\*
@32) M, (TJ) (FD — DM y(wh) =M, (—w) (FD — (4 + ))Ma(w") + &.

According to Lemma 4.1 §(&) is a core of the first term and according to (4.31)
this operator is accretive on this set. Since by definition ¢ is strictly positive these
facts together with equation (4.32) establish the validity of Lemma 4.3.

We complete the proof of Theorem 4.1 by showing that, under general circum-
stances, this range is also dense. This is the statement of the lemma that follows.
In it, for a given set S we denote by & its closure.

LemMA 4.4. Suppose that the real number A is such that
(4.33) A <inf o(He™).

Then, for each positive number p,

(@39 M, (%),,(A = FOOM W) Eul €)= La(£6)-

For brevity we shall verify only one of the conclusions, say (4.34)" Let %,
denote the ball in &, of radius r, i.e. set

B, ={x:|x|£r, xe&)}.

In analogy with previous notation we define the class €.(®,) and the space
2, (4,). For a given operator T we denote by T, the £,(%,) closure of its re-
striction to €.(4,). It is implicit in this notation that this closure does exist
which happens under general circumstances [14.c].

We maintain that the operator F\ is essentially self-adjoint on €.(4,). For,
according to a result of Kato [14.i], to each positive number & there is a number
7(¢) such that for every function f in & {&¢), in particular in € (),

|(-21@m(}) + M@)s] <2 ]38025) 011

In other words, the restriction of the operator —2I @ M (}) +M(q) to '@w(gz, is
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is bounded with reference to the restriction of the operator %A“'z to €(4%,).
As is well known [10] the restriction of %A“'Z) to €.(4,) is essentially self-adjoint

in £,(4,). According to a theorem of Rellich and Kato [14.g], these two facts
together imply that the sum of these two operators is essentially self-adjoint on
C.(B,) in Q,(4.). At the same time it follows [14.g] that in this case, the closure
of the sum equals the sum of the closure. Remembering definitions (4.1) Pand
(2.1) this establishes the essential self-adjointness of FE" on €(B,), as we have
maintained.

We see from this essential self-adjointness that the numerical range of FM
is contained in the closure of the numerical range of its restriction S.(8,). Since
FO is essentially self-adjoint on € (&) and S (4,) is a subset of S,(&), we
obtain that the closure of the numerical range of F{" is contained in closure of
the numerical range of F(". In symbols,

4.35) WFD < y(FDy.

It is an elementary consequence of the spectral theorem that the convex hull
of the spectrum of a self-adjoint operator is closed and that it equals the closure
of the numerical range. Applying this fact to the operator F*) we obtain,

(FY) < [info(He™), ).

Combining this inclusion with (4.35) yields
WFMYY < [info(He™), 00).

Since F'V is self-adjoint, this in turn, yields

o(FY) < [info(He"), ).

It is a general operator theoretic fact that

a(— :—;A ®I+I®Het = infa(Het), oo) .
This yields
o(FV) < (infa(He ™), o0),
if we remember that M(q) is positive and definition (4.1)V. Actually in this
relation the inclusion sign can be replaced by the equality sign as Zhislin [7] has

shown it. However, we shall not use this fact. All that we need is that assumption
(4.33) implies that

(4.36) Aep(F) and Aep(FLV).

By definition € (®,) is a core of F") and clearly the image of the core is dense
in the range. Hence for every complex number { we have
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Le p(F") implies ({ — F{")EAB,) = LB,

According to relation (4.36) we can set { = 4 in this implication, and we obtain
that for each positive number r,

(A—F)EAB,) = LB,

if we remember that on fiw(ﬂ,) the operators F" and F,Vare equal. It is clear
from definition (4.2) that for each positive p

Msw)EA(B,) = C(3,).
At the same time we see that for a given subset S of 2,(4,),

6' = 22(.@,) lmplles M3 (%)”6 =£2(.@,.)

These three relations together show that for each positive p and r,

M3 (%)M(A —~F (1))M3(wu)‘¢oo(‘tgr) = 82(.@,)

Remembering that €, (4,) is a subset of € (&) we arrive at

M, (%) A - F(l))M3(w").Goo(é36) ) ,L=Jo (B,

Since the right member is dense in £,(&) this relation establishes the validity of
conclusion (4.34)'", A similar argument that we shall not carry out yields the
validity of conclusion (4.34)®. This completes the proof of Lemma 4.4. Clearly
combining Lemmas 4.4 and 4.3 we obtain the validity of Theorem 4.1.

We shall use this theorem via the following:

COROLLARY 4.1. Let the function w be defined by equation (4.2) and let the
operators FV® be defined by equations (4.1)7? . Then the binding energy A,

of definition (2.9) is such that for p =0, zl, 1 we have

(4.38) Ay — F“"”)“‘D(Mw (%)") < CD(M3,6 (»17)“) .

To verify conclusion (4.38) recall relations (2.13) and (2.14) which show that
for 1, and for these values of u assumption (4.4) holds. That is to say

2
(4.39) Ay < infa(He*) - %, for p=0, ;_, 1.

Hence we see from Theorem 4.1 that for such u
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(4.40) R (MM (;1-)" - (A — FDP)y. M3,6(w“)) = L,(&6).

We maintain that this operator is closed. For, we defined the second factor by
closure, and hence it is closed. Remembering relations (2.13) and (4.37) we see
that

(441 (2 — FOO) ™1 < B(8,(S5).

This fact together with the bondedness, in particular closedness of the operator
M (w") implies [14.b] that the product of the second and third factors in (4.40)
is closed. Since for positive p

(Mse (%) )_1 = M, () e BEE),

we obtain that the triple product in (4.40) is also closed, as we have maintained.
Clearly this triple product is one to one. Thus relation (4.40) allows us to apply
a corollary [14.d] of the closed graph theorem, which yields

@) Mo () Ga= PO B0,

An elementary algebra shows that
Maa(5y) o FOOMs 0 My () = FODY by o7 =1

on ‘R(M3 6 ( ) (A — F(l)(z))Ms,s(Wu)),

and
M, 5( ) (A= FOOYTIM, (W) - M, 6( ) (A — FOYM, ((wH) =
on D (Ms,6 (wi) "Ry — F‘1><2>)M3,6(w")) .
These two equations together with relation (4.42) show that
(4.43) My, (wi)" (B = FOOY 1M (100) e B(25(E,)).

According to definition (4.2) for each positive u the function w* is bounded and

hence
® (Mae (1) ) = Msstm 22600

Inserting this equation in relation (4.43) we arrive at the validity of conclusion
(4.38). This completes the proof of Corollary 4.1.
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Finally we return to the proof of Theorem 2.1. We have already seen in §2
that it suffices to verify condition (2.12). To verify this condition we first mainain
that the assumptions of Lemma 3.2. hold for the pair of operators

(4.44) A= F® and AP = —2MD (ri) ,

with reference to the sets

(445)® BO =D (M, (%)'/2), 1=0,1,2.

For, we see from relation (4.41) and from relations (2.4) and (2.5)'") that
M‘“G)(A,, — F9)™1 e B(2,(S6)).

That is to say assumption (3.10) holds at the point 4,. The validity of assumption
(3.12),, 1 =0,1,2, is the statement of Corollary 4.1. To see the validity of assump-
tions (3.11),, assume that

(4.46) fed® (M‘”(;l) N D(M, (l) m) .

w

Then it can be written in the form

2
169 = (r57) * £
where

1 2
f (W + 1) [g(x)|?dx < 0.

Since
2

IREL NP EEE TS

x2 4+ x2+x27

+x2+xi<t

. xZ4xZ+xix>1,

we see from the previous estimate that

14 x?
————— g(x)|*dx < 0.
f x2 + x3 + xgl I
From this, in turn, we see that setting
1+ x§ 172
h(x) = (m g(x),
we have
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1 1/2 1 g+1)/2
(xg T X2+ xg) J = (1 +x3 ) h(x)

flh(x)lzdx <00,

and

That is to say relation (4.46) implies that M (1)(%) f is in BY, and assumption
(3.11), holds. Thus we seen from Lemma 3.2 that setting

4.47W S = ﬁkb (Ms(;i—))m k=0,1,2,

we have o

(4.48)V E{),}8,(64) = SV

and

(4.49)» (4 ~He + E{3,H '8P <)  k=0,1,2.

A similar argument, that we shall not carry out, shows that Lemma 3.2 applies
to the pair of operators

1
(444 AP =F?® and AP =-2MP (;)
with reference to the sets
1 12
(4.45) 8P =(ui(y) ). 1=oL2
Thus we see from Lemma 3.2 that setting
2-k 1\V2
(447 &= N)o(u(y) ) x=on2,
=0
we have
(4.48)») E{4}8:(66) = B,
and
(4.49)® (4 —He + E{A,D)7'68® =¥, k=0,1,2.

Relations (4.47), (4.48)), (4.49)) and (4.47)®, (4.48)® (4.49) @ together
show that setting

(4.47) S, =" Ne®  k=0,1,2

we have
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(4.48) E{4}8,(86) = Sqs
and
(4.49) (4 — He + E{1,)7 'S, = &4, k=0,1,2,

In other words, at the point 4, the operator He satisfies assumptions (3.6) and
(3.8),, of Lemma 3.1 with reference to the sets of definition (4.47).

Finally we maintain that the sets of definition (4.47) satisfy assumptions (3.7),
of Lemma 3.1 with reference to the perturbation V of definition (2.7). For, suppose
that f is in G,, which in view of definitions (4.47), (4.47), (4.47)® and (4.2)
means that

(4.50) f [(1+xD' + (1 + x| f®)|Pdx < 0,  1=0,1,2.

Since
(x3 +x6)2 é 4max (X32, xg)’
we see that
(3 + xe) [+ x3) + (1 +xD 1< 8[(A+ xD + (L + )],

Insertion of this inequality in assumption (4.50) yields

f(x3 + x6)2[(1 + x3) + (1 + x2)'] lf(x)]zdx < o, for 1=0,1.

Remembering definitions (2.7), (4.47) and (4.2) this estimate says that Vfis in &;.
Thus

V@o c 61 »
and we see similarly that
ng < 6k+1 for k= 0, 1,.

That is to say, assumptions (3.7), hold as we have mainained.

Therefore we can conclude from Lemma 3.1 that the first two formal pertur-
bation equations corresponding to the family H(e) of definition (2.8) do admit
solutions. In other words we have established the validity of condition (2.12).
This completes the proof of Theorem 2.1.

REFERENCES

1. E. Schrodinger, Quantisierung als Eigenwertproblem. Dritte Mitteilung: Storungstheorie
mit Anwendungen auf den Starkeffect der Balmerlinien. Ann. Physik, 80 (1926), 437-490.

2. J. R. Oppenheimer, Three notes on the quantum theory of aperiodic effects. Phys. Rev.,
21 (1928), 66-81.

3. T. Kato, Fundamental properties of Hamiltonian operators of Schrodinger type. Trans,
Amer. Math. Soc., 70 (1951), 196-211.



Vol. 6. 1968 THE HELIUM SCHRODINGER OPERATOR 337

4. T. Kato, On the existence of solutions of the helium wave equations. Trans, Amer.
Math Soc., 70 (1951), 212-218,

5. H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- and Two-Electron Systems,
Handbuch der Physik, Vol. XXXV, Springer Verlag 1957, pp. 88-436. a) Section 2, eq. (2.11);
b) Section 24, eq. (24.1); ¢) Section 32; d) Section 51, eq. (51.1); e) Equation (1.1).

6. E.C. Titchmarsh, Eigenfunction Expansions Associated with Second Order Differential
Equations, Oxford Clarendon Press 1958. See Sections XV.16-XV. 19.

7. G. M. Zhislin, Discussion of the Schrodinger operator spectrum. (In Russian). Trudy,
Mosk. Mat. Obshch., 9 (1960), 82-120.

8. N. Duaford and J. T. Schwartz, Linear Operators, Part 1., Spectral Theory of Self-
Adjoint Operators in Hilbert Space. J. Wiley, New York, 1963. See Theorem XII1.4.18 and
Coroliary XII. 4. 13.

9. T. Ikebe and T. Kato, Uniqueness of the self-adjoint extension of singular elliptic differen-
tial operators, Archs, Ration. Mech. Analysis, 9 (1962), 77-92.

10. K. O. Friedrichs, Spectral Theory of Operators in Hilbert Space, N.Y.U. Lecture Notes,
1959-1960.

11. K. O, Friedrichs, Perturbation of Spectra in Hilbert Space, Amer. Math, Soc., 1965,
see Appendix 1.1. (2).

12. C. C. Conley and P. A. Rejto, Spectral concentration II, general theory, pp. 129-143,
in Perturbation Theory and its Applications in Quantum Mechanics, Editor, C. H. Wilcox,
J. Wiley, New York, 1966.

13. P. A. Rejto, On the essential spectrum of the hydrogen energy and related operators,
Pacif. J. Math., 19 (1966), 109-140. See Lemma 1.1.

14, T. Kato, Perturbation Theory for Linear Operators, Springer Verlag, 1966. a) Example
111.2.4; b) Problem I11.5.7; ¢) Subsection II1.5.3; d) Problem II1.5.21; €) Theorem V.3.4; f) Sub-
section V.3.10; g) Theorem V.4.4; h) Subsection V. 5.2; i) Subsection V.5.3; j) Corollary VIII.1.6;
k) Theorem VIIL.5.2; 1) Subsection L.5. and Subsection II1.6.5.

15. R. C. Riddell, Spectral concentration for self-adjoint operators, Pacific. Math., 23 (1967).

16. E. Wigner, Group Theory and its Applications to the Quantum Mechanics of Atomic
Spectra. Academic Press, New York, 1959, see Sections 18.4 and 23.3.

17. C. W. Sherr, F. C. Sanders and R. E. Knight, Perturbation Theory: Application to
2-3 and 4 electron atoms., pp. 97-117. In Perturbation Theory . . ., Editor C. H. Wilcox, J. Wiley,
New York, 1966.

18. J. Dixmier, Les Algebres D’operateurs Dans L’Espace Hilbertien, Gauthier-Villars,
Paris, 1957.

19. S. Agmon, Lectures on Elliptic Boundary Value Problems, Van Nostrand, 1966.

20. K. Jorgens, Uber das wesentliche Spektrum Elliptischer Differentialoperatoren vom
Schrodinger Typ. To appear.

FAcULTAD DE CIENCIAS,
UNIVERSIDAD DE MADRID, AND
UNIVERSITY OF MINNESOTA
MINNEAPOLIS, MINN. 55455, U.S.A.



